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Abstract-A systematic approach was taken towards deriving a unified and general model for the cali- 
bration of hot-wire/hot-film constant temperature probes. Considerations of the rate of heat transfer from 
these thermal sensors suggest this general calibration model in the form of an extended power law. This is 
preceded by a detailed review, and discussion regarding the validity and merits, of the various formulae 
that are in current use. An example is given of the calibration data obtained with a hot-film probe in a 
towing tank to compare the accuracy of these formulae. The results show much improved modelling 

accuracy with the current formulae. 

INTRODUCTION 

DESPITE advances made in the application of laser 
based measurement technology over the last two dec- 
ades, constant temperature anemometry (CTA) is, 
apart from being cheap and simple, still a practical 
and very accurate tool for measurement of turbulence 
[ 11. There are various formulae that are in use for the 

calibration of CTA operated hot-wire/hot-film probes. 
Among them, King’s law [2] is well known. Others 
are either modified forms of King’s law to suit specific 
cases, or expressions used for mathematical simplicity. 
There is a lack of a unified and general approach to 
modelling the calibration of hot-wire/hot-film probes. 
In the following, these formulae are reviewed and 
discussed. Attempts are then made to derive a more 
general calibration model by applying the laws of heat 
transfer to these thermal sensor probes. An example 
is given for comparative study to demonstrate the 
improved accuracy of the present model. 

SUMMARY OF THE EXISTING MODELS 

Table 1 gives a summary of the calibration models 
that are in common use. In the table, U is the cali- 
bration velocity (directed in the plane defined by the 
sensor and the probe axes, and normal to the sensor 
axis) ; Vis the anemometer output voltage ; A,, k = 0, 

1, . . , m, and n are experimental constants. 
King’s law [2] has long been used and was originally 

derived from the rate of forced heat convection from 
a long cylinder in a uniform flow, given as 

H=cNuAT (1) 

where H is the rate of heat transfer ; c is a coefficient ; 
and AT is the temperature difference between the heat 
source (a heated sensor) and the cooling medium ; 
and Nu is the dimensionless Nusselt number and is a 
function of the Reynolds number (defined in terms of 
the cylinder diameter), given, according to King [2], 

by 

Nu = Ak+A’, Re”.5. (2) 

When applied to a cylindrical, constant temperature, 
thermal sensor, it becomes the well-known King’s law. 

A;, k = 0, 1 are experimental constants. 
However, King’s law in equation (2) is inaccurate : 

when the Reynolds number is low, the effect of free 
convection (the buoyancy effect) becomes significant 
[lo] ; and when the Reynolds number varies over 

a wide range, the exponent takes different values 
over different Reynolds number ranges [II]. Other 
improved empirical forms have been suggested (e.g. 
[12-141). These are complicated and this may have 
accounted for the lack in popularity for use with hot- 
wire/hot-film probe calibration. King’s law is still 
commonly used for its simplicity. To achieve a better 
accuracy, ad hoc modifications have been made by 
freely varying the exponent, n (e.g. 3), or by adding a 
third term to King’s law [4, 51. Little consideration 
has been given to the theoretical justification. As free 
variation of n in the modified King’s law form I (see 
Table 1) introduces nonlinearity, another sim- 
plification is often made by setting A,, = V& where 
V0 is the anemometer output voltage at zero velocity. 
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NOMENCLATURE 

Al coefficients in the equations listed in ,11 order of a polynomial 
Table 1, experimental constants Nu Nusselt number 

if; coefficient of heat transfer, equations II exponent. an experimental coIlstant 
(2) and (3), experimental Rt? Reynolds number 
constants 7 temperature 

C coefficient in equation (I) AT temperature difference between the 
P,,, (3, and e, percentage curve fitting errors sensor and the flow medium 

as defined in Tables 2, 3 c: calibration velocity 
H forced heat convection rate I” calibration voltage 
k index of terms of a polynomial, i/ curve fitted voltage 

k=O,1,2 . . . . i?? 1’0 calibration voltage at C,’ = 0. 

Variation of I/ with U should then follow a linear 
relationship on a log-log (log ( YZ - A “) and log (U’l)) 
scale. The slope and the offset, which are equal to II 
and A, respectively, can then be found graphically or 
numerically from the plot (e.g. [ 15, 161). 

Bruun et al. [I 71 discussed these modified forms of 
King’s law on the basis of simplicity and convenience 
for implementation on a micro or minicomputer. They 
suggested using a cubic spline fit to the smoothed raw 
calibration data. The form of a plain polynomial of 
1’ (denoted as polynomial Y in Table 1 and below) 
was suggested to avoid the nonlinear complexity in 
the modified forms of King’s law [8]. The form of a 
plain polynomial of U (referred to as polynomial G 
in Table 1) was suggested to achieve further simplicity 
from the viewpoint of voltag~vel~ity conversion 
f6,7]. These plain polynomial forms, although math- 
ematically convenient, are unlikely to be more accur- 
ate, even with a polynomial of order of five, than 
King’s law as they do not reflect the type of nonlinear 
relationship between the anemometer voltage and the 
calibration velocity. This nonlinear relationship 
results from Nu, which is directly proportional to the 
rate of heat transfer (i.e. power x V”), being a func- 
tion of Re to some power n, as empirical formulae 
suggest [ll, 121. 

A GENERAL CALIBRATION MODEL 

A general calibration model can be obtained by 
choosing an appropriate form for Nu =f( Re) that 
can represent this relationship more accurately and in 
a more general sense. In addition, this form must be 

Table 1. List of commonly used calibration models for CTA operated hot-wire,hot-film 
pi-ObeS 

King’s law [2] 
Modified King’s law I [3] 
Modified King’s law II [4] 
Modified King’s law 111 [S] 

Polynomial 1; f6, 71 
Polynomial V [S] 

Extended power law [9] 

mathematically convenient to use Recognizing the 
nonlinear relationship between Nu and certain forms 
of Re”, it is lnathematically feasible to use a poiy- 
nomial form of NU in terms of Re”. That is, 

NU = 2 A; Re”” (3) 
!i= 0 

which becomes the extended power law form shown in 
Table 1 when applied to the calibration of a constant 
temperature hot-wirelhot-film probe. 

Compared with existing models, this extended 
power law has many advantages. Firstly, its use can 
be made simple mathematically : by downgrading its 
nonlinearity with a transformation of y = V* and 
x = u”, it becomes a plain polynomial of J’ in terms 
of x. The expe~mental constants, A,, and n can be 
determined by the conventional method of least 
squared regression ; as n varies between 0 and I, this 
is done by performing a least squares regression with 
a series of values of IZ that is varied from 0 to I 
successively. The set of values for Ax and n that cor- 
responds to the minimum of the sum of the squared 
errors is taken as the solution [9]. 

Secondly, for the purpose of voltage-into-velocity 
conversion and probe angular sensitivity calibration, 
in which an explicit expression for U in terms of 1’. 
AL. and n is preferred, this extended power law can 
be solved explicitly for U for 1 < m < 4 [9]. With 
M = 2 and 3, for example, the extended power law 
can be rewritten as 

-A, +,/(A:-4A,(A,- v”)) Li” = _ .~_“_--.2A___. -.--- --- (m = 2) (4) 
2 
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u” = J(-Cj,2+r)+J(-q/2-r)- $ (m = 3) 
3 

(5) 

in which 

3A,A,-A: 
P= 3A,2 ’ 

and 

3A:+27A:(A,- V2)-9A,A2A3 
4= 27A: 

Thirdly, equation (3) is more accurate in repre- 
senting the heat transfer rate from these thermal sen- 
sors and the model might also allow partially for 
higher order effects, such as those due to free con- 
vection at low Reynolds numbers, and due to heat loss 
by conduction from the sensor to the sensor support. 
King’s law and its modified forms shown in Table 1 
are all specific cases of this extended power law. 

EXPERIMENTAL RESULTS 

Results were obtained from a towing tank cali- 
bration of a single sensor wedge-shaped hot-film 
probe (Dantec 55R32) with a DISA 55MOl ane- 
mometer. The probe was towed through still water 
in a towing tank by the towing tank carriage. The 
advantages of such calibration are twofold ; the cali- 
bration velocity, which was equal to the carriage 
speed, can be measured very accurately (within 1 mm 
SC’ [IS]) ; the still water in the tank has little turbu- 
lence. The maximum difference between two cali- 
brations done over a two day period was under 1.7%. 
The present calibration was done at a steady tank 
water temperature in a time span of under one hour. 
The calibration techniques were similar to those used 
by Wu and Bose [ 19, 201. 

DISCUSSION AND CONCLUSIONS 

The curve fitting accuracy of the models in Table 1 
to the calibration data is compared in Table 2. The 
percentage curve fitting errors in terms of voltage and 
measured velocity at individual calibration points are 
listed in Table 3. The following points can be made 
from the results. 

(a) Plain polynomial V and U models did not give 
accurate fits to this data; even with a fifth order poly- 
nomial, the accuracy was barely of the same degree as 
modified King’s law form I. These plain polynomials 
are also difficult to use for voltage-velocity conversion 
as the explicit form for U cannot be obtained with a 
fifth order polynomial. 

(b) Modified King’s law forms I and III did not 
lead to improved accuracy over King’s law for this 
data. Modified King’s law form II gave much 
improved accuracy over King’s law. However, when 
these three models were applied to the calibration of 
a hot-wire probe in air [9], the modified King’s law 
form II gave the least accurate result [9]. This indicates 
the ad hoc nature of these forms. 

(c) The most significant improvement was 
obtained by using the extended power law form, even 
for a value of m = 2. Reduction in the total of squared 
errors was as much as 92% over use of King’s law, 
and modified King’s law forms I and III ; and 58% 
over use of modified King’s law form II. Still better 
results were achieved by using the extended power law 
withm=3. 

(d) The rate of improvement when m was increased 
from 2 to 3 was much less than when m was increased 
from 1 to 2 in the extended power law model. From 
a practical viewpoint, a value of m < 3 in this model 
is sufficient. 

(e) Although the fitting accuracy of modified 
King’s law form I seemed acceptable (under 1%) 
the resulting accuracy in the measured velocities was 
much lower. On the other hand, use of the extended 
power law model gave very accurate results over the 
whole velocity range (see Tables 2 and 3). 

(f) A value of A,, < 0 was obtained with the modi- 
fied King’s law form I. This indicates the inadequacy 
of King’s law and modified King’s law form I at 
low velocities. It was also found that with these two 
models, the maximum curve fitting error, which 
occurred at the low velocity end, increased as the 
calibration velocity range increased 191. 

Problems with King’s law and modified King’s law 
form 1 for calibration at low velocities are further 
indicated in Figs. 1 and 2. In Fig. 1, the calibration 
results were plotted on a log (V* - A,) vs log U scale 
(i.e. A, = V’,). A chord line was also drawn between 
the two end points. The curve deviated from a straight 
line ; this is similar to the results found by Davies [ 15, 
Fig. 41. Errors will be introduced if a linear fit, as 
predicted by King’s law and modified King’s law form 
I, is used for this calibration. As a result, a velocity 
dependent value for n has been suggested by a number 
of researchers, e.g. [17]. Perry and Morrison [ 151 attri- 
buted one source causing the deviation of the cali- 
bration curve from a straight line (see Fig. 1) to the 
conventional static calibration technique. They sug- 
gested use of a dynamic calibration technique [ 15,211. 
However, the limitations of modified King’s law form 
I itself can introduce large errors into the measure- 
ments. Results by Bruun [22] suggest that dis- 
crepancies found by Perry and Morrison [ 151, between 
the static and dynamic calibrations, were due to the 
inability of this modified King’s law form I to accu- 
rately model the calibration curve over a wide cali- 
bration velocity range. 

In Fig. 2, the same calibration results were plotted 
on a Vz vs U” scale. The point, (U = 0, If,,), which 
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Table 2. Curve fitting results to the calibration data by using calibration models listed in Table 1 : rz is the sum of’squared 
curve fitting errors, i.e. c2 = C( V- P) * with V and P being the calibration and curve fitted voltage, respectively 

Mathematical Exponent 
model II ‘1 0 

Polynomial V [6] 
(m = 3) 

Polynomial V [6] 
(m = 4) 

Polynomial V [6] 
(In = 5) 

King’s law [2] 
Modified King’s law I [3] 
Modified King’s law II [4] 
Modified King’s law III [5] 

Extended power law [9] 
(m = 2) 

Extended power law [9] 
(m = 3) 

5.70 

5.45 

5.26 
112 26.13 

0.2280 - 19.91 
I!‘2 13.40 
l/4 - 18.14 

0.4598 9.96 

0.5250 13.20 

4.4 

4.2 

4.0 

3.8 

3.6 

3.4 

3.2 

3.0 

.A I 

6.13 

8.21 

IO.36 
50.08 
97.34 
83.94 

103.14 

87.06 

91.65 

- 3.83 0.89 

-8.24 4.19 -0.x0 

~ 15.05 12.79 -5.45 0.90 

- 19.42 
-7.50 

~ 19.19 

-31.80 4.77 

Table 3. Percentage curve fitting errors at individual calibration points; e, and e, are 
the curve fitting errors in terms of voltage and measured velocity, respectively, defined 
as the absolute difference between calibration value and fitted value divided by 

calibration value 

Calibration data 
Modified King’s law Extended power law 

form I m=2 

U(ms ‘) v 07) 

0.091 6.608 
0.192 6.826 
0.293 7.290 
0.396 7.656 
0.496 7.929 
0.596 8.170 
0.697 8.367 
0.797 x.530 
0.949 8.764 
1.100 8.942 
1.302 9.152 
1.503 9.325 
1.756 9.508 
2.009 9.677 

0, (“h) 
_~ .~~ 

0.41 
0.33 
0.50 
0.22 
0.13 
0.11 
0.20 
0.16 
0.35 
0.24 
0.17 
0.03 
0.20 
0.31 

FIG. 1. A log-log plot of the calibration results, Coordinates : 
left ord : log (V*- Vi) ; abs: log (U). 0 : calibration 
points ; -__ : a solid line drawn through the calibration 
points ; - - - : a chord line drawn between the two calibration 

points at the two ends. 

v, (U/o) (‘I (O/o) C[ (1%) 

2.36 0.01 0.05 
2.02 0.09 0.54 
3.15 0.12 0.77 
1.44 0.00 0.01 
0.87 0.06 0.36 
0.77 0.07 0.43 
1.35 0.06 0.38 
1.1 I 0.04 0.29 
2.45 0.10 0.67 
I .73 0.01 0.05 
1.20 0.02 0.17 
0.21 0.05 0.38 
I .44 0.07 0.61 
2.20 0.08 0.66 

<‘L x IO ’ 

726 

I96 

52.5 
35Y7 
63.1 

9.68 
62.1 

4.03 

3.57 

was excluded when determining the experimental con- 
stants during the curve fitting, deviated substantially 
from that predicted by modified King’s law form I. 
On the other hand, the extended power law with m = 2 
or 3, modelled the nonlinearities at low velocities 

much more accurately. When the point, (II = 0. I’,,), 
was included when determining the experimental con- 
stants during the curve fitting (see Fig. 3), the curve 
fitting accuracy of the modified King’s law form I 
was reduced markedly over the entire velocity range. 
Reduction in the curve fitting accuracy at high vel- 
ocities was due to the inadequacy of this form to 
model the effect of free convection at low velocities. 
With the extended power law in both cases, the fitting 
was accurate over the entire velocity range. 



Calibration of hot-wire/hot-film temperature probes 441 

90 
80 
70 

60 

50 

40 E 
30 

L 

Y l 

20 ‘1 ’ 
P l ' 

$0, ,il 
.^ , 
I” , 

, I I I I I I 

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

FIG. 2. A V* vs Ii” plot of the calibration results and curve 
fits. P is the point (U = 0, V’,), and was excluded when 
determining the experimental constants during the curve fit- 
ting. The points marked with *, +, and 0 are the calibration 
data plotted for values of n (0.228, 4598,0.525) appropriate 
for producing the best fit curves for the equations used ; as 
the values of n change, the position of these points on this 
plot also changes. Coordinates : left ord: V*; abs: U”. 
* calibration data plotted with n = 0.228; + calibration 
data plotted with n = 0.4598; 0 calibration data plotted 
with n = 0.525; broken lines are curve fits: line l- 
with modified King’s law form I: V2 = - 19.91+ 
97.34U”.228; line 2-with extended power law (m = 2) : 
V* = 9.96+87.06U”~4598-19.19Uzx0~4598; line 3-with 
extended power law (m = 3): V2 = 13.2+91.65U0525- 

3 1.8 U2X0.528 +4,77@ XO.SZS, 
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FIG. 3. A V* vs ZP plot of the calibration results and curve 
fits. In comparison with Fig. 2, the point P (U = 0, Vi) 
was included when determining the experimental constants 
during the curve fitting. The points marked with *, +, and 
0 are the calibration data plotted for values of n (0.3766, 
0.50 18, 0.53 17) appropriate for producing the best fit curve 
for the equations used. Coordinates: left ord : V’: abs : 
U”. The lines are the closest curve fits: line l-with 
modified King’s law form I: V* = 13.44+63.37U03766; 
line 2-with extended power law (m = 2): V2 = 13.54+ 
83.8@50’8- 19.43U2xo~5”‘8; line 3-with extended power 
law (m = 3) : V* = 13.54+91.9U”~5”7-32.75U2Xo~5317+ 

5.13UXX0.53’7 

(g) The significance of these improvements in curve 
fitting accuracy with the extended power law are also 
reflected in the results of the yaw sensitivity for the 
probe. Here, for a given yaw angle, the yaw function 
is defined as the ratio of the effective velocity over the 
calibration velocity [23]. The yaw angle is taken to be 
that between the calibration velocity vector and the 
sensor axis of the probe. Figure 4 shows the calculated 

0.6 

0 0.5 1.0 1.5 2.0 

FIG. 4. Yaw function at three different yaw angles for one 
sensor of a dual sensor hot-film probe calculated with the 
modified King’s law form I and the extended power law ; the 
calibration data were from Wu and Bose [24]. Coordinates : 
left ord: yaw function; abs: calibration velocity (m s-l). 
0 calculated by using the modified King’s law form I; 
+ calculated by using the extended power law with 111 = 2 ; 
* calculated by using the extended power law with tn = 3. 
The yaw function, at a given yaw angle, is defined as the 
ratio of the effective velocity [23] over the calibration vel- 
ocity. A solid line is drawn to connect the points calculated 

by using the modified King’s law form I. 

results for the yaw function at three yaw angles for 

one sensor of a dual sensor hot-film probe [24]. The 
velocity dependence was significant when the modified 
King’s law form I was used, but was reduced markedly 
when the extended power law was used with m = 2, 
and almost disappeared with m = 3. 

(h) The above results show the importance of the 
value of n in all these models. It strongly depends on 
the value of m (see Table 2). Much has been discussed 
as to the appropriate value or values for II, e.g. [17], 

but with little agreement. Although fixed values for n 
aie still used for reason of simplicity, among other 
considerations, it is generally accepted that a sim- 
ultaneous solution for A, and n leads to improved 
accuracy. However, the value for n in the extended 
power law may be purely the result of mathematical 
calculation. Experiments done with several probes 
under various conditions [20] showed that n varied 
from 0.19 up to 0.85. 

Finally, use of the extended power law does not 

pose any more difficulty numerically than the other 
models in Table 1. Rather, because of the limited 
number of terms necessary in this extended power law 
model and because of the high accuracy that can be 
achieved, it might be considered a preferred model for 
the calibration of hot-wire/hot-film thermal sensor 
probes. 
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